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Let n be an irreducible representation occurring in U2(nN), where N is a 
nilpotent Lie group and r is a discrete, cocompact subgroup. The projection onto 
the n-equivariant subspace is given by convolution against a distribution D,. For 
certain H, we obtain an estimate on the order of D,. The condition on x involves an 
extension of the “canonical objects” associated to elements of the Kirillov orbit of 
n; there does not appear to be an example in the literature where it is not 
satided. $0 1985 Academic Press, Inc 
1 
Let N be a connected, simply connected nilpotent Lie group, with Lie 
algebra %, and let r be a discrete cocompact subgroup of N. Then the 
quasi-regular epresentation t of N on Y*(r\N) is a discrete direct sum of 
irreducibles, each with finite multiplicity. Formulas for the decomposition 
of r have been known for some time. (See [S or 13-J; a different formula is 
given in [Z].) Let rc be an irreducible representation occurring in t; let P, 
be a projection onto an irreducible n-summand, and let Qlr be the projec- 
tion onto the n-primary piece of r. Then P, and Qx are both given by con- 
volutions against distributions (see Cl]), and these distributions all have 
the same order (see [lo]). Let D, be the distribution correspo,nding to P,. 
It was shown in [14] that D, need not be a measure; i.e., P, need not take 
continuous functions to continuous functions. Since this became known, a 
number of other papers (e.g., [3, 6, 15, and 41) have dealt with the 
problem of estimating the order of D,. (There is a general estimate given in 
[ 11, but it is quite weak.) 
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328 
0022-1236/U $3.00 
Copyright KJ 1985 by Academic Press, Inc 
All rights of reproductmn m any form reserved 
IRREDUCIBLE PROJECTIONS 329 
The estimates in the papers cited above depended on the existence of a 
“subordinate ideal” for x. Recall [7] that r imposes a rational structure on 
N and 3, and hence on the vector space dual !lZ* of 92. According to 
Kirillov theory, each representation II E N^ corresponds to an Ad*(N)-orbit 
15~ in %*, and n can occur in r only if (YZ contains a rational element 1. In 
[ 111, Penney introduced “canonical objects” associated with 1, as follows: 
let B, be the bilinear form on % x 5JI given by 
B,(X Y) = 4 C-K Yl), 
let %, = radical of B,, and let fil = !$,(I) = ideal in !R generated by R,. Now 
define !&, !&,..., inductively: given !$, let Z, = 1 Is,,,, and let !$+ 1 = $,(/,). 
The main properties of the 8, are the following: 
(a) b12B22 ..., and the sequence stabilizes eventually. 
(b) Let $, = flE I sj,. Then B, is trivial on 8, x $5,. 
(c) Let R, = $0, = annihilator of $j, with respect to B,, and set 
K, = exp R, and H, = exp 9,. Let CS, be the irreducible unitary represen- 
tation of K, corresponding to IIR,, and let rc, be the irreducible represen- 
tation of N corresponding to I. Then 
H, = {k E K,: a/(k) is scalar}, 
o, is a square integrable representation mod H,, and n, z IndK,+,+rI, the 
representation induced from (T, to N. 
In [4], it was shown how to get a formula for D, involving these 
canonical objects (and r); when sj, = B1 (or, equivalently, when !+j, is an 
ideal in %), this formula yields an order estimate for D,. 
The main purpose of this paper is to give an order estimate for D, in cer- 
tain cases where sj, # sj,. To describe these cases, more terminology is 
necessary. Let 3i be the largest ideal of ‘% = %,, contained in 8,) and let 
‘92i = 3:. Now iterate this construction, using I[%,. We obtain sequences of 
subalgebras (O)=J,G~~C&C +.+, and ‘%,~‘%i?92~‘> *.a. These 
sequences also stabilize, and it is not hard to prove (Lemma 2.3) that 
Jk=3k+,j~Zk+l=~nk+Zand~n,=~n,+,=>J,=J,+,.Supposethatkis 
the integer such that Jk _ 1 s Jk = Jk + 1. Then a property like (c) above 
holds with respect o 3k, !RZk, and the reasoning in [4] yields a “canonical 
formula” for the projections Q involving 3k, !Rk instead of $,, R,. 
In the special case where g2, = g2, this formula gives an order estimate 
forD,.IfJ1=J2aswell,then$j,=!+jj,, and we are in the situation of [4]. 
If J1 # .&, however, we obtain a new estimate: 
THEOREM 1.1. Assume that J, #J2 and ‘iR, #&. Let d=dim 92/!Xn,. 
Then D, is a distribution of order <d + 1. 
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This formula suggests that one possible estimate in the general case is: let 
d, = dim ‘922/%,-, and d2 = dim 91k- i/sZk. Then D, has order < 1 + d, + 
[d,/2], where [ ] is the greatest integer function. This formula would 
generalize both Theorem 1.1 and the result in [4]. 
Theorem 1.1 is not vacuous, incidentally, in that there are indeed 
functionals 1 satisfying the hypotheses. Indeed, Theorem 1.1 appears to 
cover the main “standard” examples for irreducibles in discrete, cocompact 
subgroups not covered by [4]. Some examples are given in Section 5. 
The rest of the paper is organized as follows: Section 2 is devoted to an 
investigation of the subalgebras s,, !I$. In Section 3, these algebras are 
used to describe the Ad’(N) orbit of I in some special cases. This descrip- 
tion makes possible some estimates which are used in Section 4 to prove 
Theorem 1.1. Section 5 is devoted to examples and open questions. 
This paper was written while the author was on sabbatical leave from 
Rutgers and visiting the University of California at Berkeley; he is grateful 
to both institutions for their support. It is a great pleasure to acknowledge 
assistance of another kind; this paper would never have been written 
without the help given by Professor F. P. Greenleaf in the form of a large 
number of stimulating conversations over many years. 
2 
Let % = ?I&, be a nilpotent Lie algebra, and let 1 E %*. The “canonical 
objects” for 1 are defined as in [ll], but we shall change the notation 
slightly.’ Let B, be as in the introduction, set 
%(Z) = !Ri(/) = ‘9&,(l) = radical of BI, 
!+j,,,(Z) =smallest ideal of !I&, containing ‘!& ; 
inductively, 
% 0,, + 1(Z) = radical of B, 1 fi#! x !+j#, 
sli 0,, + 1(I) = smallest ideal of &,j( I) containing %O,J + i(Z). 
From now on, we write ‘i&,, for ‘iRO,,(l), etc., when there is no danger of 
confusion. Then !&,, 2 4j,,, 2 . . . . Let $J~,~ = n,E I !&. 
LEMMA 2.1. !&m is an ideal of 9I iff !+jO,,= = !&,, . 
Proof: If BO,+ is an ideal, then it is an ideal of 9I containing %, , so that 
!Y&,~ 2 !$,1 z!&,~. Conversely, &,i is an ideal of !II. 
Let s1 be the largest ideal of ‘9 contained in $jO.m, and let 
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‘iR, = Jy = annihilator of J1 with respect o B,. It is easy to check that S2, is 
a subalgebra of !II, because J1 is an ideal; also, Vl E %i. 
We have Szo = %i iff z1 c %. The following proposition describes exactly 
when this occurs. 
PROFQSITION 2.2. If !X is not an ideal, then J, contains an element not 
in %. 
Note. If % is an ideal, then ‘94 = &0,l = &m = 3r. 
ProojI Write $3r for !&,, and !+j2 for !&,,. By the definition of 45,) 
$$1=%++9l,%]+[9l, [%,%]]+ ... =%+pl,$j~]. (2.1) 
Let 31G32C *a., be the ascending central series for %. If % is not an 
ideal, then % $ sj, , so that there is an integer j with 94 n 3, = Sjl n 3j and 
sn3,+1 s 431n3,+1. Then %n3, = 9 “3, is an ideal of !I$ and 
%n3jG%z&,,; hence %n3jzJ1. 
If YE31+1 n 8, then YE ‘%0,2. To prove this, it sullices (in view of (2.1)) 
to show that I([Y, X])=O if XE ‘% or XE [%, B1]. If XE%, then clearly 
Z([Y,X])=O. If X=[X,,X,], with both Xi, X, E !R, then [Y, Xi] E 
and CY,~ilEfjl 
[??l;“E’g?3, c ‘8, and so 
because Y~fh, hence 
as claimed. Thus YE sj,,. But [Y, ‘iR] E Z, n fi, as noted above. Thus 
RY+ [Zjn!jj] is an ideal in $j,,m, and thus YcJ1. It follows that 
5nZ,+l c J1, and this proves the proposition. 
Now we iterate the construction of Ji, 912,; given !I$, let I,=/[,,,, 
‘Si, = radical of B&B,, = BI,%,.+ %,), 
4j,, =jth “canonical object” for I,, 
43.~~2 = ii bi,Jt 
I=1 
J,, 1 = largest ideal of !Ri contained in b,,, , 
%I&+ I = Jp+ I (with respect o B, on ‘%z x 8,). 
The radical ‘91i of Zj is %++Ji-l. The J, are increasing, the ‘Sn, are 
decreasing, and 3, c !I&. 
LEMMA 2.3. ~i=~i+,=>J,+,=3i+*; Ji=J,+1*%i=%i+1. 
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Proof: The first statement is obvious, since the construction of 32+ Z is 
the same as that of 3i+ i. For the second, !I$+ 1 = annihilator of J, + i in 
!R2, =annihilator of Ji in !Ri; this last is just !I&. 
The sequences 3,, 8, must stabilize. Define k by 
Sk--1 $ Jk=Jk+,. (2.2) 
(Define Jo to be (0).) Then ‘!Rk = ‘Jz, + r, from Lemma 2.3, If !RLk _, = !I&, 
then Proposition 2.2 implies that Jk = !Rk = & 1 + %. 
LEMMA 2.4. Let 9.X be any subalgebra of SZk which is polarizing for II,,. 
Then ‘DI is polarizing for 1. 
Prooj Since &&9JI and ‘%GE~cJ~+,cJ~, we have %ic!IR. Also, 
since % c sl, and % E ‘%, for all i, ‘%,, and !!I, are each other’s annihilators 
in B,. Thus 
dim ‘$ + dim !R, = dim !R + dim %. 
But since %R is maximal subordinate for II wt, 
and 9.R is also maximal subordinate for 1. 
THEOREM 2.5. Let N, = exp Sk, Jk = exp Jk, o, = irreducible represen- 
tation of Nk corresponding to IISk, and n, = irreducible representation of N 
corresponding to 1. Then: 
(a) oI is square integrable mod its kernel; 
(b) Jk= {xEN~: a,(x) is scalar}; 
(cl T = Ind,,,,a,. 
Proof. Recall that IIs, = I,+ and that its radical is Jk, an ideal. Now 
(a) and (b) follow from the considerations of [9]. Next, let ‘9X be as in 
Lemma 2.4, let M = exp %R, and define 1 on M by 
I(exp Y) = eznr’( ‘). 
Then aI g Ind,,,l and rr!= Ind,,, , A. thus (c) is a consequence of the 
theorem on inducing in stages. 
One reason for calling the J, and !Rj canonical is 
LEMMA 2.6. Let Z’=Ad*(x) 1. Then J,(a)= (Ad x) Jj(l), !Xj(l’) = 
(Ad x) 9Jj(l). 
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Proof: This is simply a matter of tracing through the construction and 
noting that at each stage, Ad x transforms an algebra defined for I into the 
corresponding algebra for I’. We omit the details. 
Finally, we need a rationality statement about the 3, and %,. 
THEOREM 2.7. Let YI have a rational structure, and let I E %* be rational. 
Then the blJ, the !RilJ, the 3,, and the ‘%] are all rational, and one can choose 
‘93 in Lemma 2.5 to be rational, 
Proof. The theorem follows from the following live statements: 
(a) If 1 is rational, so is 3,. 
(b) If $ is a rational subalgebra, so is the ideal generated by 43. 
(c) If I is rational and V is a rational subspace of %, then p is 
rational. 
(d) If $ is a rational subalgebra, then the largest ideal generated by 
fs is rational. 
(e) There is a rational maximal subordinate subalgebra for I if I is 
rational. 
Statements (a), (b), and (e) are proved in the Appendix to [2]. For (c), we 
may replace V by V+ ‘%/, which is still rational; i.e., we may assume that 
!R!E I’. Let dim’%==, dim%[=r, dim V=k. Then dim, Vo,=n-d+k 
(since B, is defined over ‘8 and has radical (‘ill,),) and dim, V’ = n - d + k. 
Hence we must have VOo@o IF! = V’, which proves that Vo is rational. 
That leaves (d). Let 3 be the largest ideal in !tj. We reason by induction 
on dim !$ If dim & = 1, then 3 = (0) or !+j, and 3 is rational in either case. 
In general, suppose that 3 # (0). Then 43 meets the center 3 of ‘$I, and 3 is 
rational (see [7]). Let 3. be a l-dimensional rational central subalgebra in 
sj; set %=%/30, 5=$j/30. Th ere is a l-l correspondence between ideals 
3 in fi and ideals 3 containing 30, given by projection. By the inductive 
hypothesis, the largest ideal in 5, 3, is rational in 9. Its pre-image is 
evidently 3, and its pre-image is evidently rational. 
3 
Let %, I be as before; let r be a discrete, cocompact subgroup of N. For 
simplicity, we assume for now that n = log f is a subgroup of % and that I 
is integral on A. Set Nj = exp a,, J, = exp Jj, and rj = I’n N,. By 
Theorem 2.7, rj is cocompact in N,. 
Let X, ,..., X, be a strong Malcev basis for !R (or a basis for canonical 
580.'61.'3-7 
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coordinates of the second kind; see [7]) with the following additional 
properties: 
(a) X1,..., X, span /i; 
(b) if rl = dim 3,) then X, ,..., X,, give a basis for J1. 
Give % a Euclidean norm by declaring that the X, are orthonormal, and let 
(1 1 ,..., I, } be the dual basis in % *. Give ‘!R* the dual norm. 
PROPOSITION 3.1. Assume If 0; let do = dim(%/%). There are linearly 
independent elements Y, ,..., Y,,, plus d,, indices, 1 <j( 1) < . . <j(d,,) < n, 
with the following properties: 
(a) Zf d is the largest integer with j(d) < r, , then 
8, = span( Y,, , ,..., Y,, %). 
(b) The elements expm, Y,.‘.expm,,Y,,, with m,,..., m,EH form a 
cross-section for r/r,. 
(c) Define a map F: [w” -+ N bJ 
Fly ,,..., y4)=expyI Y,...expy,,Y&. 
Then the map y++ Ad*F(y) 1 gives a diffeomorphism of Rdo onto 
Q = Ad*(N) 1. This map can also be written as 
YH t P,(Y) 1,, 
,=I 
where the P, are polvnomials. 
(d) Ifj<j(i), then P, depends only on y,,..., yI- 1; ifj=j(i), then there 
is a nonzero integer 01, such that P,(,, y - C(J, depends only on y, ,..., y, 1. 
Proof: This proposition is very much like the theorem in Part II, Sec- 
tion 1.3 of [ 121; the reader is referred to [ 121 for many details of what 
follows. 
Let 8, = (XE %: ad*(X) 1~ span(l,+, ,..., 1,). It is easy to check that 6, is 
a subalgebra of %, and that 
It is clear that dim 6,/6,+, = 0 or 1, that 6 1 = \Jl, and that 6, = ‘8. The 
8, are also rational (since we could perform this construction equally well 
over BP). Let j( l),...,j(d,) be the indices with 6,jz,- 1 2 @5,ji,; then 
d, = dim %n/%. Choose Y, E 6,jJ(r)- ,\6,i,, such that Y, generates 
A f-l@,(l)- I mod /1 n Q,,l). Now property (a) of the proposition is obvious. 
The other parts follow just as in the cited theorem in [ 121, with one excep- 
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tion. Because the Y, are normalized differently from their counterparts in 
[12], the argument there shows only that for each i there is a nonzero real 
number ai such that 
P,(,,(Y) -a, Y, depends only on YI,..., Yi- 1. 
However, Ad*(exp Y,) 1 is integral on /1. Thus a, must be an integer, and 
we are done. 
When we apply this result in Section 4, we need two consequences. Let 
d=dim!X/91n,; given bEZd, let 
The ~5~ form a cross-section for r/r,. Define Q: Hd + If8 by 
AdI 
Q(b)'= 1 P,(b)*. 
J=l 
LEMMA 3.2. Assume that ‘Sl = %, = 91j = . . 
(a) IfK>d(andZ#O), then 
b~zdQW”i 00. 
(b) Q(b) < distance from Ad*(6,) I+ (Ad c?~(&))~ to the origin 
(where V’ = {ZE 6*: Z(u) = (0))). 
Proof: (a) This is an easy consequence of (d) of Proposition 3.1 and the 
fact that if K > d, then 
m;d),‘m’-K- 
((Ld)‘=Hd\{O}, Irnl’= i mf). 
/=I 
(b) Note first that I+ 3: = Ad*(N2) 1. For since z2 is an ideal in ‘912 
and I( [%,, J2]) = 0, we have (for XE ‘91L2, YE J2) 
Ad*(exp( -X) 1)(Y) = f(Ad exp X)( Y) 
=I(Y+[X,Y]+4[X,(adX)Y]+...=Z(Y), 
or Ad*(exp( - X)I) - 1 E 3:. Thus Ad*(N,) 1 z l+ 3:. Now Ad*(N,) I is 
the graph of a polynomial function, and (b) follows once we show that 
Ad*(N2) 1 and I+ 3: have the same dimension. But under B,, s2, and s2 
are each other’s annihilators, and both contain ‘% (see Lemma 2). Thus 
dim Ad*(N,) I= dim %, -dim % = (dim ‘8 -dim 3* + dim ‘%) -dim % 
=codimJ,=dimJi, 
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as claimed. Hence Ad(6,) I+ (Ad ~5~(&))~ = Ad*G,Ad*N*(/), and every 
point in this set has P,(b) as its jth coordinate when j<j(d); this proves 
(b). 
4 
We are now almost ready to prove Theorem 1.1. We begin with some 
simplifications. As noted in Section 1, the order of D, does not depend on 
which projection P, to a z-irreducible subspace is used. Now let r,, be a 
subgroup of finite index in ZJ let rO be the quasi-regular epresentation on 
L*(T,\N). Imbed rO in r; in this way, regard P, as a projection to a rr- 
irreducible subspace in rO. This does not change the order of D,. Thus we 
may replace r by any subgroup of finite index. By Theorem 2 of [S], we 
may assume that /1= log r is a lattice in ‘R 
Now let Co, be the Kirillov orbit of rc. From Theorem 1 of [S], there is an 
element 1 E On such that Q/1) c Z. Use this element 1 to make the construc- 
tions of the previous section. 
Define a character I on Jk by 
L(exp Y) = e2ni” ‘), YE&. 
For SET, let Jk(6)=6J,6-’ and r(d)=rnJ,(d); we define Lb on Jk(b) 
by 
nq y) = A(6 - ly6). 
Note that J6= 1 on r(6). We also write Z(6) = Ad*(d) 1, so that l(6) 
exponentiates to Ju6. For fE f?‘(P,G, let f”(y) =f( vx). 
PROPOSITION 4.1. Define D,: C”(r\N) -+ @ by 
(4.1) 
where dh gives r(6)\Jk(6) unit mass. Then D, is a distribution. Define P, by 
(Pd)(x) = (D/T 4”). 
Then P, extends to a projection of L2(r\N) onto a closed subspace of 
L2(r\N) on which z acts irreducibly as n. 
ProoJ This is proved in the same way that the corresponding result 
(with H,, K, for Jkr Nk) was proved in [4]; see Theorem 3.1 there (and 
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especially formulas (16), (17)). Note that we have defined ,I6 differently 
from [4]; here, 6 acts on the left, while there it acts on the right. 
Now we prove Theorem 1.1 for D,, with A a lattice and 1 integral on A. 
We have k = 2 and N, = N,; thus r/r, = T/r,. Use the elements 6, of Sec- 
tion 3 as a cross-section for r/r,, and write I(b) for 1(6,), Ab for dah, J,(b) 
for J2(6,), and T,(b) for rz(6b). Let X1,..., X, be the basis in 
Proposition 3.1; if a = (a( I),..., a(p)) is any sequence consisting of integers 
from 1 to n, let X” = X,, . . . XEp. Define a norm on CP(r\N) by 
This makes C’(flN) a Banach space, with the topology of uniform con- 
vergence of all derivatives of order dp. 
Fix b; let W,(b),..., W,,(b) be an orthonormal basis for J2(b) = log J,(b), 
and let I;(b),..., &(b) be the dual basis. Then 
where 
i WJV= q s uare of the distance from Qj, b) to Jk(b)l. 
J=l 
Thus, from Lemma 3.2, 3j: 1 <j,< h, and h 1 $(j, b)l > Q(b). Then, since 
we have 
Lb exp i w, W,(b) = exp 2ni 5 $(j, b) w,, 
J=l ) /=I 
W,(b) Lb = 2x$( j, b) Ib, 
or 
= l27Wi b)l ~ ‘1 {rcbj,J2cbj m( Wi(b)K 4)(x) dii 
<hKQ(b)-K 1 
r(b)\Jdb) 
m( WjW d)(x) d% 
G h”Q(b) -K II 4 IIm,K. 
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(This last inequality holds because Wi(~)K can be written as a sum of the 
terms X” with all coefficients < 1; note that I/ W,(b)11 < 1 and the X, are 
orthogonal.) Now Lemma 3.3 says that (4.1) converges absolutely for 
4 E Ck(r\N), and D, clearly extends continuously to C?(r\N). This com- 
pletes the proof. 
5 
We begin with three examples. 
(a) Let !ll be the 8-dimensional nilpotent Lie algebra consisting of 
5 x 5 matrices of the form 
I 
0 
0 
0 
0 
0 
aI 
0 
0 
0 
0 
a4 
a2 
0 
0 
0 
a6 
0 
a2 
0 
0 
% 
u7 
a5 y 
a3 
0 1 
and let X, be the element for which a, = 6,,; let (I,) be the dual basis to X,. 
Some calculations (omitted here) show that the orbits in general position 
contain a unique element of the form I,., = ~1~ +81,, 8 # 0. For these 
elements, the canonical objects are independent of q, 0. We have 
Then 3, =sPan(X6, x7, x8), fl, = span(X,, X4, X,, x6, X7, X,) = !T&, and 
SO 
the construction is now stable, and J2 = &. Thus k = 2. 
Now let N= exp Yl, and let f be any discrete, cocompact subgroup (e.g., 
r could be the matrices with integer coefficients). For 71 = rrV,O with l,,, E Cz, 
Theorem 1.1 says that order P, < 1 + dim %/Y12, =3. 
(b) Let % be the Lie algebra of strictly upper triangular 2n x 2n 
matrices, n > 2; let E,J (1 < i < j < 2n) be the matrix whose only nonzero 
entry is a 1 at the (i, j) coordinate, and let I be defined by 
WI,,,) = 1, I( Eli) = 0, otherwise. 
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Then !R2,,, is spanned by {E,=(i,j)=(l,2n) or i#l,j#2n}; 
s31.1=span{E,: (i,j)#(1,2) or (h-1,2n), 
and one shows inductively that for k d n, 
bl,=span{E,,: (i,j)#(l,m) or (2n-m, 2n) for m=2 ,..., nj. 
while &l,n=%,,n+,= ‘.. =J31,X. Thus 
J, =span{E,: idnandjan}, 
~n,=43,,,,=J?=~2=J3=~n3..., 
and the construction ends. If r is a discrete cocompact subgroup such that 
r contains rt = rc,, then Theorem 1.1 applies, and we have 
Order P,<1+dim%/%L,=2n-1. 
(c) Let ‘% be the Lie algebra of strictly upper triangular 
(2n + 1) x (2n + 1) matrices n > 2; use the notation of (b), with obvious 
modifications. Let I be defined by 
4E I,Zn+l)= 1, I( E,) = 0, otherwise. 
A calculation like that in (b) shows that 
!?jl,W = span(E,: (i,j) # (1, m) or (2n + 2 -m, 2n - 1) 
for m = 2, 3 ,..., n + 1). 
Then 
3,=span(E,:i<nandj>n+2\ J, 
m,=~sj,,,oIWE,,~+,O[WE,+,,,,+,, 
jjl,K, = Jz = & = . . , s, = sn, = . . . ) 
and the construction ends. If r is a discrete cocompact subgroup such that 
r contains z = rcl, then Theorem 1.1 gives 
OrderP,dl+dim%/%,=2n-1. 
Note. The estimate in [l] gives Order P, < 1 + [dim ‘%/2], where [ ] 
is the greatest integer function. This estimate is 5 in the first example, 
1 + [(n/2)(2n- l)] in the second, and 1 + [(n/2)(2n + l)] in the third. 
These examples suggest wo questions about Sk and flLk: 
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(1) Is there an example for which k > 2? 
(2) Is there an example for which Jk # !$,= and ‘Sk #R, = $,“,? 
If the answer to question 1 is “no,” then this estimate and the one in [4] 
come close to being generally applicable. I suspect, however, that the 
answer is “yes.” On question 2, I have no strong opinion either way. 
We conclude with a note on the general case. For 6 E T/T,, let 
Then 
and the proof of Theorem 1.1 can be adapted to give an order estimate for 
P, depending on information about the P,. Unfortunately, the information 
required is not simply an order estimate (in which case the general estimate 
would follow easily), but a uniform estimate of the following form: 3K, C: 
The estimates in the proof of Theorem 1.1 use a norm adapted to I; in an 
inductive argument, one would have to compare that norm with one 
adapted to lb. As of now, the estimates of this form require K to be rather 
large. 
REFERENCES 
1. L. AUSLANDER AND J. BREZIN, Uniform distribution in solvmanifolds, Adu. in Mufh. 7 
(1971) 111-144. 
2. L. CORWIN AND F. P. GREENLEAF, Character formulas and spectra of compact 
nilmanifolds, J. Funct. Anal. 21 (1976) 123-154. 
3. L. CORWIN AND F. P. GREENLEAF, Integral operators with distribution kernels for 
irreducible projections in Lz of a nilmanifolds, J. Funct. Anal. 23 (1976), 255-284. 
4. L. CORWIN, F. P. GREENLEAF AND R. PENNEY, A canonical formula for the distribution 
kernels of primary projections in L2 of a nilmanifold, Comm. Pure Appl. Math. 30 (1977), 
355-372. 
5. R. HOWE, On Frobenius reciprocity for unipotent algebraic groups over Q, Amer. J. 
Math. 93 (1971), 163-172. 
6. J. JENKINS, Primary proJections on L* of a nilmanifold, J. Funct. Anal. 32 (1979), 131-138. 
7. A. I. MALCEV, On a class of homogeneous paces, Trunsl. Amer. Muth. Sot. 39 (1951). 
8. C. C. MOORE, Decomposition of unitary representations delined by discrete subgroups of 
nilpotent Lie groups, Ann. of Murh. (2) 82 (1965), 146182. 
9. C. C. Mooan AND J. A. WOLF, Square integrable representations of nilpotent groups, 
Trans. Amer. Math. Sot. 185 (1973), 445-462. 
IRREDUCIBLE PROJECTIONS 341 
10. R. PENNEY, The intertwining algebra of L2 of a nilmanifold, preprint. 
11. R. PENNEY, Canonical objects in the Kirillov theory of nilpotent Lie groups, Proc. Amer. 
Math. sm. 66 (1977), 175-178. 
12. L. PUKANSZKY, ‘Iecons sur les representations des groupes,” Paris, Dunod, 1967. 
13. L. RICHARDSON, Decomposition of the L2 space of a general compact nilmanifold, Amer. 
J. Math. 93 (1971) 173-190. 
14. L. RICHARDSON;A class of idempotent measures on compact nilmanifolds, Acta Marh. 135 
(1975) 129-154. 
15. L. RICHARDSON, Poisson summation on Kirillov orbits, Math. Ann. 239 (1979), 2299240. 
